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Abstract
We obtained the spatial growth and decay estimates for solutions of a class of quasilinear equations modelling dynamic
viscoelasticity in a domain Ω × (0, T ), where Ω ⊂ Rn is a semi-infinite cylinder.
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1. Introduction
In this note we obtain two estimates characterizing the spatial behaviour of solutions of the initial–boundary value
problem
ut t −∇.(W (|∇u|)∇u)+ b|ut |p−2ut = α∆ut , x ∈ Ω , t ∈ (0, T ) (1)
u(x, 0) = 0, ut (x, 0) = 0, x ∈ Ω , (2)
u(x ′, 0, t) = g(x ′, t), x ′ ∈ D0, t ∈ (0, T ), (3)
u(x, t) = 0, x ∈ ∂Ω , t ∈ (0, T ) (4)
where W (s) = a + s p−2, p > 1, and Ω is a semi-infinite cylinder defined as Ω = {x ∈ Rn : x ′ = (x1, x2, . . . , xn−1)
∈ Dxn , xn > 0
}
, n ≥ 2, for each z ≥ 0, Dz ⊂ Rn−1, the cross-section of Ω by the plane xn = z, is a nonempty,
bounded and simply connected domain with sufficiently smooth boundary ∂Dz , a, b and α are given positive numbers.
We assume that 0 < m0 ≤ infz |Dz | ≤ supz |Dz | ≤ m1 < ∞, z ∈ [0,∞). The spatial behaviour of solutions to the
problem (1)–(4) with W (s) bounded above is investigated in [3] and an exponential growth estimate for solutions is
obtained. For a class of equations with W (s) not bounded above we obtain the exponential growth estimate. In [3]
and [4], exponential decay estimates are obtained for solutions, which tend to infinity as x−3n , of the Eq. (1) under
the initial conditions (2) and nonhomogeneous boundary condition. For our situation, we obtain a similar result. Let
us note that Phragmen–Lindelof type theorems and Saint-Venant type estimates for solutions of linear equations of
viscoelasticity are obtained in [1,6]. We assume that the problem (1)–(4) has a classical solution. For results about
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the solvability of initial–boundary value problems for the Eq. (1), we refer the reader to [2,5] and the references
therein. Below, we are using the following notation: Rz = {x ∈ Ω : xn > z} , ‖u‖pp,Dz =
∫
Dz
u pdA, (u, v)Dz =∫
Dz
u.vdA, ‖u‖2Dz = (u, u)Dz and the Cauchy inequality |ab| ≤ 2a2 + 12 b2, for each a, b ∈ R and  > 0.
2. The differential inequality
We consider the function Fγ (z) given by
Fγ (z) =
∫ T
0
∫
Dz
(
au,xn + |∇u|p−2u,xn + αu,t xn
)
(ut + γ u)dAdt. (5)
The notation used indicates that the integral is taken over D in the plane xn = z. We show that as z → ∞,
either Fγ (z) decays to zero or−Fγ (z) becomes unbounded. If we consider z > z0, Fγ (z) may be expressed using the
Divergence Theorem and Eqs. (1)–(4):
Fγ (z) = Fγ (z0)+
∫ T
0
∫ z
z0
∫
Dη
∇.
((
a∇u + |∇u|p−2∇u + α∇ut
)
(ut + γ u)
)
dAdηdt
= Fγ (z0)+
∫ z
z0
∫
Dη
(
1
2
|ut |2 + a + αγ2 |∇u|
2 + 1
p
|∇u|p + γ u.ut
)
dAdη
+
∫ T
0
∫ z
z0
∫
Dη
(α|∇ut |2 + aγ |∇u|2 + γ |∇u|p + b|ut |p − γ |ut |2 + bγ |ut |p−1u)dAdηdt. (6)
Hence the last equality yields
F ′γ (z) =
∫ T
0
∫
Dz
(α|∇ut |2 + aγ |∇u|2 + γ |∇u|p + b|ut |p − γ |ut |2 + bγ |ut |p−1u)dAdt
+
∫
Dz
(
1
2
|ut |2 + a + αγ2 |∇u|
2 + 1
p
|∇u|p + γ u.ut
)
dA. (7)
By means of Cauchy and Poincare´ inequalities, Fγ (z) can be bounded as follows:
|Fγ (z)| ≤
∫ T
0
∫
Dz
{(
aC2 + αγ
2
+ α√C2) |∇ut |2 + (a + αγC22 + aγ√C2
)
|∇u|2
+
(
p − 1
p
+ γC1/pp
)
|∇u|p + 1
p
|ut |p
}
dAdt (8)
where C p is the constant of the Poincare´ inequality∫
Dz
|u|pdA ≤ C p
∫
Dz
|∇u|pdA. (9)
Using the Cauchy and Young inequalities we get
F ′γ (z) ≥
∫ T
0
∫
Dz
(
(α − γC2)|∇ut |2 + aγ |∇u|2 + b
(
1− γ p − 1
p
µ
−1
(p−1)2
)
|ut |p
+ γ
(
1− bC p
p
µ
)
|∇u|p
)
dAdt +
∫
Dz
((
a − γ 2C2
2a
)
|ut |2 + 1p |∇u|
p + αγ
2
|∇u|2
)
dA. (10)
Let us choose µ = µ1 < pbCp and γ = γ1 < min{
√
a
C2
, αC2
,
p
p−1µ
1
(p−1)2 }. Hence we arrive at the following
inequality:
|Fγ1(z)| ≤
b2
b1
F ′γ1(z) (11)
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where
b1 = min
{
α − γ1C2, aγ1, b
(
1− γ1 p − 1p µ
−1
(p−1)2
1
)
, γ1
(
1− bC p
p
µ1
)}
,
b2 = max
{
aC2 + αγ1
2
+ α√C2, a + αγ1C22 + aγ1√C2, 1p , p − 1p + γ 1/p1 C p
}
.
The following result can be obtained from the last inequality (see, for instance, [3]).
Theorem 1. For a solution u of the problem (1)–(4), u either grows exponentially or decays to zero exponentially in
z as z →∞.
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